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» Area of interest and exploited L-band data

» lonospheric effects on L-band DInSAR analysis

» RSS-based method for ionospheric phase retrieval in range component

» RSS-based method criticalities

» PRIME-RSS algorithm for an effective estimation of ionospheric range phase component
» PRIME-RSS algorithm performance in alternative RSS-based method formulation

> Final remarks
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Area of Interest and exploited L-band SAOCOM-1 constellation

SIASGE system
SAOCOM-1A SAOCOM-1B SAOCOM-1A
W Uy Uy
‘& /4 4 &
- 8 days A\ 8 days ~/ Time
- 16 days ~/

Area of Interest
The Argentinian [-band constellation SAOCOM-1A and 1B and the

Italian X-band COSMO-SkyMed one share the same orbits, forming the
SIASGE system.

e Spatial resolution (Stripmap mode):(Single ¢ Dual

Pol) 10 m x 6 m (Quad Pol)
* Footprin€ 40-60 km {Single e Dual Pol) 20-30 km (Quad Pol)

. Frequenc =~ 23.5 cm)
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TIonospheric effects on ground displacement components

AZIMUTH DIRECTION SLANT RANGE DIRECTION
/ _mmmmsmEsmm mEmmEmEmmmm—-—— N / -_--mmmmmmmmmmmmmmm—_—— N
[ « OTEC/0x is the gradient of the | I « K =40,31m3/s?% |
2K OTEC TEC along the azimuth direction; | AK * cisthe speed of light in vacuum; |
ono = £2 gy * Ry represents the distance at the || A®@jopno = ——FATEC f is the carrier frequency;
I closest approach. I I cf  ATEC represents the differential I
\ 4 ‘~ —-—a e e Ee e Ee e e . lEC— ———————— >4
 Different azimuth shift in the primary and secondary | N
acquisitions produce misregistration effects. Interferometric Phase A ={A¢non_ dl.sp:_|_er(piono:
| L N
e The impact of this misregistration degrades the (- oTTmTmTmTmTmm T N

performance of techiniques for estimating the
deformation component along the azimuth direction:

- - S S S O S S S S e e e e e e

» Multiple Aperture Interferometry (MAI) :, \:

I RANGE I

» Pixel Offset Tracking (POT) : SPLIT-SPECTRUM :

o » Re-focusing procedure :\ METHOD :

/
\
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Ionospheric Azimuth contribution mitigation

Differential interferogram Before Interferometric coherence

rm

Sy s

azimuth
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Ionospheric Azimuth contribution mitigation

Differential interferogram after POT After Interferometric coherence after POT

[

range

| . I ik
-TC [rad] T azimuth 0
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Standard Range Split Spectrum Approach

IS¢ —

]
fo = 1.268x10° f, = 1.275x10° f, = 1.282x10° f [Hz]

Ap = Aanon—disp + Adiono

Apr= A¢non—disp% + Agbiono%

Apy= Aanon—disp %)I + Adiono ]]L;I(-)I

P. Rosen, S. Hensley and C. Chen, "Measurement and mitigation of the ionosphere in L-
band interferometric SAR data," 2010
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Criticalities of Standard Range Split Spectrum Approach

Raw lonospheric Term
AH/I% typically cha teidb lptial variains

~ H
Aanon—disp = (ﬂ% — /112.1)/10 Apy —A_LAqu

~ Aoy AL
Aqbiono = AZ _ /12 A¢H B A_Ad)l‘
H L H
| J \ J
| |
lonospheric Raw lonospheric ——
Extraction Term hIE
Factor 1
of B8
l 5
Aol it T
a = > > — -4341
Apg—Af
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Criticalities of Standard Range Split Spectrum Approach

Raw lonospheric Term
/11_1/1% typically cha tidb tial variais

o H
Aqbnon—disp = (ﬂ% — /1%1)/10 Apy —A_LAqu

) Ao A
ADiono = 12 _ 12 Apy — A_Ad)L
H L H
| J \ J
I |
lonospheric  Raw lonospheric
Extraction Term ,
Factor tE
.|
5
Ao T azimuth - 0 -
aq = =2 H __ -43.41 multiplication -T [rad] T
— 52 _q2 -
A=At
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Criticalities of Standard Range Split Spectrum Approach

IonosphericA: contribution
A$ . _ AH}{% Aq') _ A_H A¢ < Aqbiono >
non—disp (/1% _ /112_1)/10 H /1L L

~ AOAH AL
A(]biono = /12 _ /12 A¢H B A_Aqbl‘
H L H
\ J \ J
| |
lonospheric  Raw lonospheric
Extraction Term
Factor
3 ] azimuth T _— [rad]_ .
a = 20 H2 — -4341
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Criticalities of Standard Range Split Spectrum Approach

lonospheric contribution
< Aqbiono >

Aégnon—dis = AHA% Adpy — A L
Y A% o /1129)/10 AL

Aqbiono — /12 _ /12 A¢H _/1 A L
H L H
\ J\ J
| |
lonospheric lonospheric
Extraction raw
Factor
azimuth _—— S —
Aol ] o [rad| T
a = = -43.41
Af—2f
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Proposed Enhanced Standard Range Split Spectrum Method

PRIME-RSS Algorithm
______________________ o IS¢

Search Range
for A,

Search Range
for Ay

Apopt = 23.633 cm (fyopr = 1.2684 GHz)

Atope = 23.390 cm  (fy ope = 1.2817 GH2)

istituto il nto
elettr I'ambiente
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» Larger number of divisors
» Wider sub-band bandwidth
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fo =1.2684x10° f, = 1.275x10° f = 1.2817x10° f [Hz]

This value can be factorized as:

~ 724
|aopt| ~ 2% %3

The corresponding extraction factor:
|&op:| = 48,000083

~gi>
1\
s
!H ~gf>
JE
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Proposed Enhanced Standard Range Split Spectrum Method

ML_( Jj" PRIME-RSS Algorithm

POT-enhanced

Geometric
°°'eg'ls"“'°" The wrapped phase of each iteration is embedded into a
e = N = o [ T ection complex exponential exp(jBi) in order to emphasize, in the
e dentication frequency domain, the ionospheric signal component,
J L which typically has a “ramp-like” spatial evolution, before
Generatlon of sub-band Generation of sub- band . .
Primary krgos e applying a spectral low-pass filter centred on the pick of PSD
y
| ]
[
L [<ag, > < A¢py > A PSD of GXp(jﬁi)
Phase E
|
2 :
[B0= <<A¢H > _AL,opt/lH,opt A¢L >] g E
S |
el Bo = :
[ Low-pass Spectral Filter J < g E
o 1
2 C i
_________________________________ M:.llt_lst_ep_r:\‘ = :
= rocess J“ o : .
—-[ ejdi'ﬂiq’ i=1,..,k ] 4 & : e : floor
1 : -
{ Low-pass Spectral Filter ] < 0 f[ l >
i<k Ei L 0

Spatial frequency f

|
lonospheric Phase

Estimate Ad;on, ) June 2026 Claudio De Luca



Primary
Image

Proposed Enhanced Standard Range Split Spectrum Method

Secondary
Image

POT-enhanced
Geometric
Coregistration

l

Wavelength Selection

opt = N = dyXdX +-Xdy

*= Guard Band Constraints

" Qopt Identification

[Generatlon of sub-| band [Generanon of sub-band

Primary Images

Secondary Images

[

| < A¢, > < Apy >
Phase
Unwrapping

{ﬂo‘—‘ <<Apy > - AL,opt/lH,opt A¢, >]

ej'BO

[ Low-pass Spectral Filter ]

Bo
------------ M_u-ltlétep r:\
L= Process k
efdi-Bi-1, i=1,..,k
[ Low-pass Spectral Filter ]
i<k Ei
1 T -

lonospheric Phase
Estimate Ad;yno

\

PRIME-RSS Algorithm

The wrapped phase of each iteration is embedded into a
complex exponential exp(jBi) in order to emphasize, in the
frequency domain, the ionospheric signal component,
which typically has a “ramp-like” spatial evolution, before
applying a spectral low-pass filter centred on the pick of PSD

PSD of Raw lonospheric Term PSD after low-pass spectral filter

fa 0

| I . I |
Amelitude SNormalizedl
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B, filtered (2 X Bo) filtered (2 x By) filtered

azimuth

(2 ) filtered ) filtered ) filtered

I AL
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Results

PRIME-RSS Algorithm + Multi-step Noise Filter
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Results

PRIME-RSS Algorithm + Multi-step Noise Filter

azimuth _— 0 Te— azimuth
@
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Results

ISCE solution

> >
azimuth _—— o — azimuth _—— S —
-t [rad] T -t [rad] T

[

range
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range

azimuth
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-T [rad] TT
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Alternative Range Split Spectrum Approach

IS

f. =1.268x10° f, =1.275x10° fy = 1.282x10° f [Hz]

A9/51'0110 = xA¢ + z(Apy — Adpy)

e unlike the standard RSS-based approach, it

~ = does not require the phase unwrapping
' < 2A0; >=<A¢p > +2z(A — A I |::>
; Piono > +22(Ady ¢L)= of any interferogram but only of the two

times ionospheric contribution

------------------------------------------------------------------

U. Wegmuller, C. Werner, O. Frey and C. Magnard, "Estimation and compensation of the ionospheric path delay phase in PALSAR-3 and
NISAR-L interferograms.,” 2024.
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Alternative Range Split Spectrum Approach

,WMMWMW
ADiono = xAP + z(Adpy — Ad)) Afiltering procedure has to be applied to
this quantity before multiplying for
Ao Ao the amplification factor 2z
X = ~ 0.5, zZ = :
Ay + 4 2(Ag — A1) @

’ \ We apply the PRIME-RSS algorithm

1
~ I . 3
< 20Pipny > =< Ap > +27(Adpy — Ag,)i T———> estimating 4y o, and Ay op;, used for the
' ) definition of z,,,;

U. Wegmuller, C. Werner, O. Frey and C. Magnard, "Estimation and compensation of the ionospheric path delay phase in PALSAR-3 and
NISAR-L interferograms.,” 2024.
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Alternative Range Split Spectrum Approach

IS

£, =1268x10° f, = 1.275x10° f, = 1.282x10° f [Hz]

A(igiono = xA¢ + z(Apy — Adpy)

M0, A 8
x_/lH+/1L~ - Z_Z(AH_AL).
!' -------------------- \‘= -TC
i < 2A¢;on0 >i= < AP > +ZZ(A¢H — A(pL) ‘o
L ; =

azimuth

U. Wegmuller, C. Werner, O. Frey and C. Magnard, "Estimation and compensation of the ionospheric path delay phase in PALSAR-3 and
NISAR-L interferograms.,” 2024.
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Alternative Range Split Spectrum Approach

Simulation of Real DInSAR context

Differential Interferogram
+

Original Differential Interferogram Simulated deformation pattern Slmulated ground deformatlon

i

GV

azimuth
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Alternative Range Split Spectrum Approach

Differential Interferogram
+

simulated ground deformation

IS

T f,=1268x10° fo = 1275x10° fy = 1.282x10° f [Hz]

T
A(igiono = xA¢ + Z(A¢H - A¢L)
__ M __ M g
x_AH+/1L~O.5’ Z_Z(AH_AL).

< 20Qiono > =< AP > +2z(Ady — Ad)

i

range

azimuth
U. Wegmuller, C. Werner, O. Frey and C. Magnard, "Estimation and compensation of the ionospheric path delay phase in PALSAR-3 and
NISAR-L interferograms.,” 2024.
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Alternative Range Split Spectrum Approach

IS

Tonosphere retrieval in real DInSAR context

fi=1268x10° f, = 1275x10° fy = 1282x10° _ f [Hz] | .
i
~ ¥ 23
ADiono = xAP + z(Apy — Ady) 4
Ao %o ¥4
x_AH+/1L~O.5’ Z_Z(AH—AL)' ’
T k I_n
| < 200iono >i= < Ap > +2z(Adpy — Ap;) —}

azimuth

U. Wegmuller, C. Werner, O. Frey and C. Magnard, "Estimation and compensation of the ionospheric path delay phase in PALSAR-3 and
NISAR-L interferograms.,” 2024.
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Alternative Range Split Spectrum Approach

IS

TIonosphere retrieval in real DInSAR context
‘WWMW‘“W

Filtered < 2A¢; 55, >

L ]
f. =1.268x10° f, =1.275x10° fy = 1.282x10° f [Hz]

A(igiono = xA¢ + z(Apy — Adpy)

__ M 0.5 — 4o
x_/1H+/1L~ o Z_Z(AH_AL).
S 0
I ~
i< 240iono >i <Ap > +2z(Apy — Agp,) mmmb
I
N .

aZim‘uth
U. Wegmuller, C. Werner, O. Frey and C. Magnard, "Estimation and compensation of the ionospheric path delay phase in PALSAR-3 and
NISAR-L interferograms.,” 2024.
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Alternative Range Split Spectrum Approach

IS

1 —
f.=1268x10° f, =1.275x10° f; = 1.282x10° f [Hz]

A(igiono = xA¢ + z(Apy — Adpy)

__M o5 I
ARV e T2 = 1)
o (xY
Adiono = 2 EACP + (A¢H — A(.bL) i

————————————————————————————————————————————————————————
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Alternative Range Split Spectrum Approach

IS

Differential Interferogram
+

simulated ground deformation

£, =1268x10° f, = 1.275x10° f, = 1.282x10° f [Hz]

A(igiono = xA¢ + z(Apy — Adpy)

7T
Ao Ao
=, S0 T2 = 1)
. X
Apiono = 2 EAQb + (A¢H - A¢L) i
Z -7

range
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Alternative Range Split Spectrum Approach

IS

Differential Interferogram
+

simulated ground deformation

£, =1268x10° f, = 1.275x10° f, = 1.282x10° f [Hz]

A(igiono = xA¢ + z(Apy — Adpy)

7T
o o
=, S0 T2 = 1)
. N }
§A¢lono = Z EAQb + (A¢H — A¢L) i
S S 4 ) -
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Alternative Range Split Spectrum Approach

IS

A filtering procedure has to be applied to this
quantity before multiplying for the
amplification factor z

A y 1
X 0 0.5, zZ = 0 .

At A 20 = M) We apply the PRIME-RSS algorithm
e - estimating 41 oy and Ay op¢, Used for the
\
! X ! definition of z,,;
T |
APiono = Z:(E Ad + (Ady — A¢L)>i
|
. y; z=-43704 == z,, =-48

Amplification factor

E%]
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Alternative Range Split Spectrum Approach

TIonosphere retrieval in real DInSAR context

WWW*M“WW

L ]
f. =1.268x10° f, =1.275x10° fy = 1.282x10° f [Hz]

A(igiono = xA¢ + z(Apy — Adpy)

Zopt

Ao 0.5 Ao |
Xopt = ~ 0.5, Zopt = | _
Opt AH,Opt + /’lL,Opt Opt Z(AH,Opt — ;{’L,Opt) E.
2~ Xopt
Adiono — Zopt Ap + (Adpy — Ady) g

/

-----------

Claudio De Luca
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Comparative analysis of the PRIME-RSS algorithm for alternative RSS formulation

Difference

azimuth __— S — . O
-Tt [rad] TT -Tt [rad] T

Independently from the RSS formulation, PRIME-RSS algorithm reaches a Consensus for
the lonospheric Phase Estimation in DINSAR Applications
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Final Remarks

» PRIME-RSS is easy to implement both in prime factors identification and in spectral filtering procedure
(to make the spectral filter very effective the exploitation of a complex exponential on the ionospheric
phase is needed).

» PRIME-RSS reaches the same performance even if an alternative RSS-based formulation is used.

» PRIME-RSS does not directly address to the PhU problem but the use of spatio-temporal PhU
algorithms in multitemporal DInSAR analysis can contribute to obtain a more roubust phase
unwrapping results.

» More details will be available in this paper just submitted:

PRIME-factorized Multistep Range Split-Spectrum
(PRIME-RSS) Algorithm for Ionospheric Phase
Estimation in DInSAR Exploitation

Marianna Franzese, Claudio De Luca, Antonio De Maio,
Giorgio Gomba, Yenni Lorena Belen Roa, and Riccardo Lanari
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PRIME-RSS optimization for the NISAR dual-frequency modes

1 40 MHz
+

" 5MHz

fo=1239 fu=12935 MHz

1 20 MHz
+

" 5MHz

fo = 1229 fq =12935 MHz

ENETIE
AOAH A [cm]

2~ L
ADiono = 22 APy — A_ACI)L 40 +5 MHz 11.611 24164  -12
H 7L H 20 +5 MHz -9.770 24552 -9
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azimuth _—— S —— azimuth
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  𝜆 ≅ 23 . 5   c m


  Δ  x  i o n o =   2 K   f 2   𝜕 T E C  𝜕 x  R 0


    𝜕 T E C /  𝜕 x


   R 0


  ∆  𝛷  i o n o = −   4 𝜋 K  c f Δ T E C


  K = 40 , 31      m 3 /   s 2


  c


  f


  ∆ T E C


  ∆ 𝛷 = Δ  𝛷  n o n − d i s p + Δ  𝛷  i o n o


  Δ  𝛷  n o n − d i s p = Δ  𝛷  t o p o + Δ  𝛷  d e f o


    Δ  𝛷  a t m


  Δ  𝜙 H


  Δ  𝜙 L


    ∆ 𝜙 L =   ∆ 𝜙  n o n − d i s p    f L   f 0 +   ∆ 𝜙  i o n o    f 0   f L


    ∆ 𝜙 H =   ∆ 𝜙  n o n − d i s p    f H   f 0 +   ∆ 𝜙  i o n o    f 0   f H


  ∆ 𝜙 = ∆  𝜙  n o n − d i s p + ∆  𝜙  i o n o


  Δ    𝜙 ^  i o n o =    𝜆 0  𝜆 H   𝜆 H 2 −  𝜆 L 2  (  Δ  𝜙 H −    𝜆 L   𝜆 H Δ  𝜙 L )


  Δ    𝜙 ^  n o n − d i s p =    𝜆 H  𝜆 L 2   (   𝜆 L 2 −  𝜆 H 2 )  𝜆 0  (  Δ  𝜙 H −    𝜆 H   𝜆 L Δ  𝜙 L )


  𝛼 =    𝜆 0  𝜆 H   𝜆 H 2 −  𝜆 L 2


  Δ    𝜙 ^  i o n o =    𝜆 0  𝜆 H   𝜆 H 2 −  𝜆 L 2  (  Δ  𝜙 H −    𝜆 L   𝜆 H Δ  𝜙 L )


  Δ    𝜙 ^  n o n − d i s p =    𝜆 H  𝜆 L 2   (   𝜆 L 2 −  𝜆 H 2 )  𝜆 0  (  Δ  𝜙 H −    𝜆 H   𝜆 L Δ  𝜙 L )


  𝛼 =    𝜆 0  𝜆 H   𝜆 H 2 −  𝜆 L 2


  Δ    𝜙 ^  i o n o =    𝜆 0  𝜆 H   𝜆 H 2 −  𝜆 L 2  (  Δ  𝜙 H −    𝜆 L   𝜆 H Δ  𝜙 L )


  Δ    𝜙 ^  n o n − d i s p =    𝜆 H  𝜆 L 2   (   𝜆 L 2 −  𝜆 H 2 )  𝜆 0  (  Δ  𝜙 H −    𝜆 H   𝜆 L Δ  𝜙 L )


  Δ    𝜙 ^  i o n o =    f L  f H   f 0  (   f H 2 −  f L 2 )  (  Δ  𝜙 L  f H − Δ  𝜙 H  f L )


  Δ    𝜙 ^  n o n − d i s p =    f 0   (   f H 2 −  f L 2 )  (  Δ  𝜙 H  f H − Δ  𝜙 L  f L )


  < Δ    𝜙 ^  i o n o >


  𝛼 =    𝜆 0  𝜆 H   𝜆 H 2 −  𝜆 L 2


  Δ    𝜙 ^  i o n o =    𝜆 0  𝜆 H   𝜆 H 2 −  𝜆 L 2  (  Δ  𝜙 H −    𝜆 L   𝜆 H Δ  𝜙 L )


  Δ    𝜙 ^  n o n − d i s p =    𝜆 H  𝜆 L 2   (   𝜆 L 2 −  𝜆 H 2 )  𝜆 0  (  Δ  𝜙 H −    𝜆 H   𝜆 L Δ  𝜙 L )


  Δ    𝜙 ^  i o n o =    f L  f H   f 0  (   f H 2 −  f L 2 )  (  Δ  𝜙 L  f H − Δ  𝜙 H  f L )


  Δ    𝜙 ^  n o n − d i s p =    f 0   (   f H 2 −  f L 2 )  (  Δ  𝜙 H  f H − Δ  𝜙 L  f L )


  𝛼 =    𝜆 0  𝜆 H   𝜆 H 2 −  𝜆 L 2


  < Δ    𝜙 ^  i o n o >


   𝝀  𝑳 , 𝒐 𝒑 𝒕 = 𝟐 𝟑 . 𝟔 𝟑 𝟑


   f  L , o p t = 1 . 2684   G H z


   𝝀  𝑯 , 𝒐 𝒑 𝒕 = 𝟐 𝟑 . 𝟑 𝟗 𝟎


   f  H , o p t = 1 . 2817   G H z


   𝜶  𝒐 𝒑 𝒕 | = 𝟒 𝟖 , 𝟎 𝟎 𝟎 𝟎 𝟖 𝟑


    | 𝜶  𝒐 𝒑 𝒕 | ≈  𝟐 𝟒   ×  3


   f A


   f R


  2   ×    𝛽 ~ 0 )


   𝛽 0   filtered


  2   ×    𝛽 ~ 1 )


  2   ×    𝛽 ~ 2 )


  2   ×    𝛽 ~ 3 )


  3   ×    𝛽 ~ 4 )


  Δ    𝜙 ^  i o n o = x Δ 𝜙 + z  (  Δ  𝜙 H − Δ  𝜙 L )


    x =    𝜆 0   𝜆 H +  𝜆 L ≈ 0 . 5 ,             z =    𝜆 0  2  (   𝜆 H −  𝜆 L )   .  


  < 2 Δ    𝜙 ^  i o n o >   =   < Δ 𝜙 > + 2 z  (  Δ  𝜙 H − Δ  𝜙 L )


  Δ    𝜙 ^  i o n o = x Δ 𝜙 + z  (  Δ  𝜙 H − Δ  𝜙 L )


    x =    𝜆 0   𝜆 H +  𝜆 L ≈ 0 . 5 ,             z =    𝜆 0  2  (   𝜆 H −  𝜆 L )   .  


  < 2 Δ    𝜙 ^  i o n o >   =   < Δ 𝜙 > + 2 z  (  Δ  𝜙 H − Δ  𝜙 L )


  𝐭 𝐡 𝐞   𝐚 𝐦 𝐩 𝐥 𝐢 𝐟 𝐢 𝐜 𝐚 𝐭 𝐢 𝐨 𝐧   𝐟 𝐚 𝐜 𝐭 𝐨 𝐫   𝟐 𝒛


   𝝀  𝑳 , 𝒐 𝒑 𝒕


   𝝀  𝑯 , 𝒐 𝒑 𝒕 ,


   𝒛  𝒐 𝒑 𝒕


  Δ    𝜙 ^  i o n o = x Δ 𝜙 + z  (  Δ  𝜙 H − Δ  𝜙 L )


    x =    𝜆 0   𝜆 H +  𝜆 L ≈ 0 . 5 ,             z =    𝜆 0  2  (   𝜆 H −  𝜆 L )   .  


  < 2 Δ    𝜙 ^  i o n o >   =   < Δ 𝜙 > + 2 z  (  Δ  𝜙 H − Δ  𝜙 L )


  < 2 Δ    𝜙 ^  i o n o >  


  Δ    𝜙 ^  i o n o = x Δ 𝜙 + z  (  Δ  𝜙 H − Δ  𝜙 L )


    x =    𝜆 0   𝜆 H +  𝜆 L ≈ 0 . 5 ,             z =    𝜆 0  2  (   𝜆 H −  𝜆 L )   .  


  < 2 Δ    𝜙 ^  i o n o >   =   < Δ 𝜙 > + 2 z  (  Δ  𝜙 H − Δ  𝜙 L )


  Δ    𝜙 ^  i o n o = x Δ 𝜙 + z  (  Δ  𝜙 H − Δ  𝜙 L )


    x =    𝜆 0   𝜆 H +  𝜆 L ≈ 0 . 5 ,             z =    𝜆 0  2  (   𝜆 H −  𝜆 L )   .  


  < 2 Δ    𝜙 ^  i o n o >   =   < Δ 𝜙 > + 2 z  (  Δ  𝜙 H − Δ  𝜙 L )


  < 2 Δ    𝜙 ^  i o n o >  


  Δ    𝜙 ^  i o n o = x Δ 𝜙 + z  (  Δ  𝜙 H − Δ  𝜙 L )


    x =    𝜆 0   𝜆 H +  𝜆 L ≈ 0 . 5 ,             z =    𝜆 0  2  (   𝜆 H −  𝜆 L )   .  


  < 2 Δ    𝜙 ^  i o n o >   =   < Δ 𝜙 > + 2 z  (  Δ  𝜙 H − Δ  𝜙 L )


  < 2 Δ    𝜙 ^  i o n o >  


  Δ    𝜙 ^  i o n o = x Δ 𝜙 + z  (  Δ  𝜙 H − Δ  𝜙 L )


    x =    𝜆 0   𝜆 H +  𝜆 L ≈ 0 . 5 ,             z =    𝜆 0  2  (   𝜆 H −  𝜆 L )   .  


  Δ    𝜙 ^  i o n o = z  (   x z Δ 𝜙 +  (  Δ  𝜙 H − Δ  𝜙 L ) )


  Δ    𝜙 ^  i o n o = x Δ 𝜙 + z  (  Δ  𝜙 H − Δ  𝜙 L )


    x =    𝜆 0   𝜆 H +  𝜆 L ≈ 0 . 5 ,             z =    𝜆 0  2  (   𝜆 H −  𝜆 L )   .  


  Δ    𝜙 ^  i o n o = z  (   x z Δ 𝜙 +  (  Δ  𝜙 H − Δ  𝜙 L ) )


  Δ    𝜙 ^  i o n o = x Δ 𝜙 + z  (  Δ  𝜙 H − Δ  𝜙 L )


    x =    𝜆 0   𝜆 H +  𝜆 L ≈ 0 . 5 ,             z =    𝜆 0  2  (   𝜆 H −  𝜆 L )   .  


  Δ    𝜙 ^  i o n o = z  (   x z Δ 𝜙 +  (  Δ  𝜙 H − Δ  𝜙 L ) )


  Δ    𝜙 ^  i o n o = x Δ 𝜙 + z  (  Δ  𝜙 H − Δ  𝜙 L )


    x =    𝜆 0   𝜆 H +  𝜆 L ≈ 0 . 5 ,             z =    𝜆 0  2  (   𝜆 H −  𝜆 L )   .  


  Δ    𝜙 ^  i o n o = z  (   x z Δ 𝜙 +  (  Δ  𝜙 H − Δ  𝜙 L ) )


  𝒛


   𝝀  𝑳 , 𝒐 𝒑 𝒕


   𝝀  𝑯 , 𝒐 𝒑 𝒕 ,


   𝒛  𝒐 𝒑 𝒕


    z = − 43 . 704                                           𝒛  𝒐 𝒑 𝒕 = − 𝟒 𝟖


  Δ    𝜙 ^  i o n o = x Δ 𝜙 + z  (  Δ  𝜙 H − Δ  𝜙 L )


   x  o p t =    𝜆 0   𝜆  H , o p t +  𝜆  L , o p t ≈ 0 . 5 ,        z  o p t =    𝜆 0  2  (   𝜆  H , o p t −  𝜆  L , o p t )   .  


  Δ    𝜙 ^  i o n o =  z  o p t  (     x  o p t   z  o p t Δ 𝜙 +  (  Δ  𝜙 H − Δ  𝜙 L ) )


  < Δ    𝜙 ^  i o n o >  


  Δ    𝜙 ^  i o n o =    𝜆 0  𝜆 H   𝜆 H 2 −  𝜆 L 2  (  Δ  𝜙 H −    𝜆 L   𝜆 H Δ  𝜙 L )


  Δ    𝜙 ^  i o n o = z  (   x z Δ 𝜙 +  (  Δ  𝜙 H − Δ  𝜙 L ) )


  𝛼


   𝜆  L , o p t


   𝛼  o p t


  Δ    𝜙 ^  i o n o =    𝜆 0  𝜆 H   𝜆 H 2 −  𝜆 L 2  (  Δ  𝜙 H −    𝜆 L   𝜆 H Δ  𝜙 L )

